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Abstract 
Recently, there has been a worldwide proliferation of instruments and networks dedicated 
to observing meteors, including international airborne campaigns (Vaubaillon, J. et al., 2015) and 
possible future space-based monitoring systems (Bouquet A., et al., 2014). There has been a 
corresponding rapid rise in high quality data accumulating annually. In this paper, we present a 
method embodied in a software program, which can effectively and accurately process these data 
in an automated mode and discover the pre-impact orbit and possibly the origin or parent body of 
a meteoroid or asteroid. The required input parameters are the topocentric pre-atmospheric 
velocity vector and the coordinates of the atmospheric entry point of the meteoroid, i.e. the 
beginning point of visual path of a meteor, in the an Earth centered-Earth fixed coordinate 
system, the International Terrestrial Reference Frame (ITRF). Our method is based on strict 
coordinate transformation from the ITRF to an inertial reference frame and on numerical 
integration of the equations of motion for a perturbed two-body problem. Basic accelerations 
perturbing a meteoroid's orbit and their influence on the orbital elements are also studied and 
demonstrated. Our method is then compared with several published studies that utilized 
variations of a traditional analytical technique, the zenith attraction method, which corrects for 
the direction of the meteor's trajectory and its apparent velocity due to Earth's gravity. We then 
demonstrate the proposed technique on new observational data obtained from the Finnish 
Fireball Network (FFN) as well as on simulated data. In addition, we propose a method of 
analysis of error propagation, based on general rule of covariance transformation. 
Introduction 
Improving existing techniques, derived from ground based observations, and developing 
new methods that more accurately determine meteor orbits are among the goals of meteor 
astronomy. 
Typically, an analysis of meteor observations yields the azimuth and the inclination of the 
atmospheric trajectory (i.e. a topocentric radiant) of a meteor, its apparent velocity, and the 
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coordinates of the origin of its visual path. These data are sufficient to determine the pre-impact 
heliocentric orbit of the meteoroid. Knowing the heliocentric orbit may lead to discovery of the 
meteoroid’s parent body or its origin. In the past several authors conducted an analysis of the 
dynamical evolution of asteroid or meteoroid's orbits. To implement this, they employed a 
numerical integration of equations of motions over a long time backwards from the impact date. 
For example, in the works (de la Fuente Marcos & de la Fuente Marcos, 2013, Trigo-Rodriguez, 
et al., 2015) a backward integration was performed for period of at least 10000 years. If there are 
sufficient uncertainties in the initial conditions, then they can negate the value of this type of 
analysis. 
It is obvious, that the greatest changes to an asteroid`s or meteoroid`s orbit occur just 
prior to its encounter with Earth. Thus, in determining the orbit we have to be very precise and 
careful when we consider the influences of all the corrections and perturbing forces. As a 
meteoroid approaches Earth, its orbit changes, primarily under the influence of Earth's gravity. 
Currently, a "zenith attraction" technique is widely used to account for this effect. The zenith 
attraction method employs corrections to compensate for Earth's gravity effect on the direction of 
the meteor's trajectory and its apparent velocity.  
This technique was described and used to determine the orbits of meteors registered by 
the cameras of European Fireball Network in (Ceplecha, 1987). Implementations of the zenith 
attraction method have also been published in several software packages, for example, in 
(Zoladek, 2011) and in (Langbroek, 2004). In recent analysis by (Clark & Wiegert, 2011) and 
(Zuluaga, Ferrin, & Geens, 2013) a backward numerical integration was performed in place of 
the traditional calculation of zenith attraction corrections. The authors took into account the 
perturbations from Earth and other planets as point masses. 
In addition to the influence of Earth, as a point mass, a meteoroid’s orbit is also 
influenced by the attraction of the Moon, atmospheric drag, the non-central part of the Earth's 
gravity, and by the attraction of other solar system planets. In the past some of these effects 
could be neglected due to the low accuracy determination of the apparent track of a meteor. 
However, the recent, more precise, data collected by the dedicated fireball networks (which are 
well established in Central Europe, USA, Canada, Finland, Spain, Australia and other countries), 
do allow for an accurate determination of a meteor's trajectory. The orbital parameters of several 
meteorite producing fireballs, as detected by the instruments of these fireball networks, were 
precisely derived. See e.g., the summary table in (Jenniskens P. et al, 2012). 
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Traditional method 
Corrections for the Earth’s gravitational influence upon a meteor’s direction were first 
proposed by Schiaparelli during the second half of nineteenth century. And since its introduction 
it has been widely used. . Detailed analysis of this technique was performed in (Andreev, 1990) 
and, in a numerical simulation, by (Gural, 2001). The influence of gravity on the zenith distance 
and velocity of the meteoroid is described as follows: 
Where Z - the true zenith distance, Z' - the apparent zenith distance, V  -the apparent 
velocity of meteoroid, gV  - geocentric velocity of meteoroid, GM  - geocentric gravitational 
constant, R  - the Earth’s mean radius, h  - a beginning height of a meteor. The zenith attraction 
method applies these corrections for zenith distance and velocity. 
Next, the diurnal aberrations are taken into account and the velocity components are 
transformed to the inertial coordinate system. Finally, the position and velocity of the Earth, 
relative to the Sun, is calculated. Earth's position is taken as the position of the meteoroid, 
corrected to its atmospheric intercept point, in a heliocentric coordinate system, and the 
components of the meteoroid's velocity are added to the components of the Earth’s velocity. The 
calculated heliocentric state vector of the meteoroid may be then be transformed into the orbital 
elements. As will be shown below, the traditional technique works well for fast meteoroids, but 
may give errors for low-velocity meteors. As calculated from the Eqs. (1-3), both the velocity 
and the zenith distance of the meteoroid are continuously changing as the meteoroid approaches 
Earth. 
Method description 
In contrast to the zenith attraction method, as discussed above, our study employs strict 
transformations of coordinate systems and velocity vectors recommended by the IAU 
International Earth Rotation and Reference Systems Service in the IERS Conventions (2010), see 
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(Petit & Luzum, 2010), (SOFA, 2013) and a backward numerical integration (Plakhov, Y., et al, 
1989) of the equations of motion. 
As a first step, we transform the velocity components from the topocentric horizontal 
coordinate system to the Greenwich equatorial coordinate system: 
Vx Vn
Vy Ve
Vz Vu
   
   
   
   
   
T
M , (3) 
)()90(  321 RRQM  , 
  (4) 
where Vn, Ve, Vu and Vx, Vy, Vz are components of the velocity of a meteor in the topocentric 
horizontal and in the Greenwich equatorial coordinate systems, respectively, matrix M
Т
 is 
rotation matrix from the topocentric horizontal to the Greenwich equatorial coordinate systems. 
R2, R3 and Q1 are appropriate rotation matrices and a mirror matrix, respectively, and φ and λ are 
the geodetic latitude and longitude of the initial point of the meteor. 
Next, the diurnal aberration is taken into account as: 
where h is geodetic height, N is radius of curvature of Earth ellipsoid prime vertical: 
22 sin1 eRN e  , (6) 
where R  is the equatorial radius of the Earth and   is the angular rotation velocity of the 
Earth. 
Therefore, apparent geocentric velocity components Vxgeo, Vygeo, Vzgeo are 
The transformation of the geocentric radius vector of the meteor's entry point and contributed 
components of the Earth's velocity from an Earth fixed, geocentric coordinate system ITRF2000, 
to a Geocentric Celestial Reference System (GCRS), version ICRF2 (J2000), are conducted 
according to the IERS Conventions (2010) (SOFA, 2013). The general formulas describing this 
transformation are given below. For the velocity vector: 
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and for the geocentric radius vector of entry point, which is also the starting point of further 
integration: 
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The rotation matrix R, defined in Eqs. (9-10) is as follows: 
R = PNПS, (10) 
where and (Xgeo, Ygeo, Zgeo,)
T
  and (Vxgeo, Vygeo, Vzgeo,)
T
 are position and velocity vectors in 
geocentric ITRF coordinate system; (Xin, Yin, Zin,)
T
  and (Vxin, Vyin, Vzin,)
T
 are position and 
velocity vectors in inertial GCRS coordinate system. P is the precession matrix, N is the nutation 
matrix, П is the polar motion matrix, and S is the apparent Greenwich Sidereal Time matrix. The 
contributions from polar motion and high order nutation are negligible in comparison to 
observational errors of the meteor, so these effects can be neglected when determining a 
meteoroid's orbit. 
The next step involves using the numerical ephemerides, DE421, distributed by the Jet 
Propulsion Laboratory (Folkner, Williams, & Boggs, 2009), to obtain the coordinates and 
velocity components of Earth at the time of occurrence of a meteor. In addition to the meteor's 
starting point coordinates in the inertial frame with heliocentric coordinates of the Earth, we also 
obtain the heliocentric position of the meteoroid. The meteoroid's heliocentric state vector at the 
starting point of meteor can be represented as: 
inJ RRr  2000 , (11) 
inJ VVr  2000
 . (12) 
Thus, we have the initial conditions for the integration of differential equations of motion 
of the meteoroid. These equations of motion are as follows: 
       .,,,,,,
3
ttttSC
r
GM
atmplanetsMoonnmnmEarth
sun rrrrrrrrrr     (13) 
The equations (14) are ordinary differential second order equations of a perturbed two-
body problem. The right of the equations include the attraction of the central body, i.e., the Sun, 
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the perturbations caused by the attraction of the Earth (including its non-central gravitational 
field), by the Moon, the perturbations from the other planets of the solar system, and the effects 
of the atmospheric drag. Perturbation forces from the point mass of Earth, the Moon and the 
planets, as well as the none-central part of Earth’s gravitational field are well known and widely 
used. For instance, an accounting for these perturbation forces is presented in (Montenbruck & 
Gill, 2000).  
The meteoroid term of deceleration in upper atmosphere may be calculated using the 
following expression: 
relrelatmdatm V
M
S
cr V
2
1
 , 
(14) 
where Vrel is meteoroid velocity relative the atmosphere, cd –drag coefficient, S/M – cross section 
to mass ratio. Here we are taking into account only the drag component and we use the USA 
1976 Standard Atmosphere model (Standard Atmosphere, 1976) to estimate the atmospheric 
drag effect at heights up to 86 km. For altitudes higher than 86 km and lower than 150 km, the 
NRLMSISE-00 model (Picone, J., et al., 2002) was used. An estimation of the atmospheric drag 
influence on the orbit of the Košice meteoroid, which had an entry height of about 68.3 km, is 
presented in the table 1. For integrations deep into the past, the perturbations of the other planets 
need to be taken into consideration as the planets become the main source of perturbations.  
For the integration of equations of motion (14) high order implicit single-sequence 
methods up to the 23
rd 
order is used (Plakhov, Y., et al, 1989). The equations are integrated back 
in time up to the intersection of the meteoroid’s orbit with the Hill sphere of the Earth. Thus the 
obtained orbit of the meteoroid is not distorted by the attraction of the Earth and Moon. 
A similar approach was used in (Zuluaga, Ferrin, & Geens, 2013) to determine the orbit 
of the Chelyabinsk meteorite, where the integration of the equations of motion was done using 
the software package, “mercury6” (Chambers, 1999). The program was designed for the 
numerical solution of the n-body problem. In another study, (Clark & Wiegert, 2011), the 
authors compared Ceplecha’s analytical orbit determination method (Ceplecha, 1987), with the 
results of their own numerical integration, which demonstrated close agreement between both 
approaches. Backward numerical integration is widely used for analysis of dynamical origin of 
meteoroids. In the recent past several authors conducted an analysis of the dynamical evolution 
of asteroid or meteoroid's orbits, see e.g. (Madiedo et. al. 2013, 2014). 
 Error propagation  
The strict estimation of the derived uncertainties of the derived meteoroid’s orbit is a 
rather complicated multistep process.  Critical to this process is the propagation of uncertainties 
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from the initial data: the apparent radiant, the velocity and coordinate of entry point, and the time 
of entry to the covariance matrix of meteoroid orbital elements outside the Hill sphere. For 
example, some authors obtained this covariance matrix by using the method of finite difference. 
They calculated the uncertainties of the orbit by changing the initial data and then recalculated 
the orbit. Thus, the orbit uncertainties estimation is performed by the differences in the resulting 
orbits, which was calculated with different initial conditions (Bettonvil, 2006).  
In our work, we consider another approach, that of using strict covariance 
transformations. This method is based on the use of strict formulas and, accordingly, has less 
calculation overhead, but its mathematical expression is quite cumbersome. 
As initial data we have the topocentric radiant (A, El), the apparent entry velocity (V), the 
geodetic coordinates (φ, λ, h) of entry point and the moment (te) of entry into the atmosphere and 
its dispersions. As result we have to obtain covariance matrices of state vector ( r, r ,) and orbital 
elements (a, e, i, Ω, ω, M).  
Let’s write a general rule for covariance transformation (Rice, 2006). 
Suppose that we have two random vectors Y  and X , associated with vector 
transformation F: 
)(XY F . (15) 
Accordingly, covariance matrices CovY and CovX of vectors Y  and X , are connected by:  
   TCovY J CovX J , (16)  
where matrix Jn, m = 
m
n
X
F


 is a partial derivatives matrix of vector-valued function, F, the so-
called Jacobi matrix. 
For the first step, we transform dispersions of topocentric radiant from the spherical to 
Cartesian coordinates by using well known matrix: 
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 NEU AhV NEU AzhV AhV NEU 
T
Cov P Cov P . (19) 
Then topocentric Cartesian covariance matrix is transformed from a local horizontal 
coordinate system to the geocentric Greenwich equatorial coordinate frame ITRF2000 by using 
rotation matrix M (8): 
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VITRF NEU
T
Cov M Cov M . (20) 
From the other way we convert dispersion of entry point coordinates from geodetic 
ellipsoidal (φ, λ, h) to Cartesian geocentric ITRF coordinates. The transition matrix was obtained 
from differentiation following equation from φ, λ, h: 


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sin))1((
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coscos)(
2 heNZ
hNY
hNX
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ITRF
ITRF

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
, (21) 
where N is radius of curvature of Earth ellipsoid prime vertical (6), Re is equatorial radius of 
Earth ellipsoid and e is its eccentricity. 
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TCov P  Cov P , 
(24) 
where M is radius of curvature of Earth ellipsoid meridian: 
3222 )sin1()1( eeRM e   (25) 
After that, we compose two 3x3 dimension covariance matrices of position and velocity 
to 6x6 covariance matrix of meteoroid state vector, CovITRF. 
Next, the covariance matrix of the ITRF coordinates and velocity are transformed into the true 
equinox coordinate system using the matrix TEQITRFP : 
 TEQ ITRF TEQ ITRF ITRF TEQ 
TCov P Cov P . (26) 
Matrix TEQITRFP  has a block structure: 
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SS
S
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0
TEQITRF , (27) 
here S is a matrix of sidereal time. Explicit forms of these matrices are: 
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here S is Greenwich sidereal time, and its first derivatives is equal to Earth rotation rate  
dS/dt = ω⊕. 
Also, we have to take into account error of the Earth attitude EA due the time registration error: 
2
2
2 t
dt
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(29) 
Squares of errors of Earth attitude are added to diagonal elements of state vector covariance 
matrix. Further, we transform covariance matrix from true equinox to inertial coordinate system 
of the reference epoch J2000.0. For this transformation, we use precision and nutation matrices – 
P and N, respectively, which were mentioned previously (10). 
2 ( ) ( )J k TEQ
TCov PN  Cov PN . (30) 
Then, the transformation from an equatorial to an ecliptic coordinate system is performed by 
counter-clockwise rotation of coordinate frame around X-axis to ecliptic obliquity angle ε: 
2 1 2 1( ) ( ) EJ k J k 
T
Cov R Cov R . (31) 
After that, we have to take into account errors of position and velocity of Earth caused by 
the time registration error:  
222 tEarthEarth  RR
 ,  
222 tEarthEarth  RR
  , 
(32) 
here EarthR  - vector of Earth’s heliocentric position, EarthR

 - vector of Earth’s orbital velocity, 
EarthR  - Earth’s acceleration vector, which can be computed from equations of two body 
problem: 
3
Earth
Earth
SunEarth
R
GM
R
R  . (33) 
Errors computed from equations (32) must be added to diagonal elements of geocentric inertial 
state vector covariance matrix. In this way, we obtain the covariance matrix of heliocentric 
inertial state vector at the epoch of entry to the atmosphere.  
If the selected interval of integration is rather long, then we have to propagate a 
covariance matrix from the entry epoch then backward to the epoch marking the end of the 
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backward integration. . For this transition a matrix of derivatives of the state vector at epoch t by 
state vector at epoch t0 should be computed: 
0
0 ),,,,,(
),,,,,(
t
t
tt
zyxzyx
zyxzyx




Ф . (34) 
The so-called, state transition matrix or “matrix of isochronous derivatives” is employed 
next. There are many ways to compute this matrix. We use a technique based on the integration 
of variation equations, a method detailed and described in (Montenbruck & Gill, 2000): 
)()()( ttt Ф
r
r
Ф
r
r
Ф 








 . (35) 
We use this method because it is a reasonable compromise between the computational 
loading of finite differences methods on the one hand, and the complicated formulas of analytical 
solution on the other hand. Furthermore, there are second order ordinary differential equations, 
like the equation (13), consequently, joint integration of system (13) and (35) are rather suitable 
for algorithmic realization. Matrices of partial derivatives 


r
r
 and 


r
r
 are computed 
analytically. For errors propagation we optionally can use the accelerations from the Sun, Earth 
and the Moon. Thus, the state transition matrix is calculated in accordance with the selected 
force model. Explicit expressions for these derivatives are given in  (Montenbruck & Gill, 2000). 
By using this method, we can obtain the covariance matrix at any epoch prior to the 
meteoroid’s entry into the atmosphere: 
0 02 2 0
( ) ( ) EJ k t t EJ k t tt t 
TCov Ф Cov Ф . (36) 
The last step in the covariance propagation is the calculation of the standard deviation of the 
orbital elements at epoch t, using a matrix of partial derivatives of the Keplerian orbital elements 
with respect to the state vector: 
),,,,,(
),,,,,(
zyxzyx
Miea




E , 
(37) 
T
ECov ECov )()( 22 tt kEJkOEJ  . (38) 
Methods to compute the matrix, E, are also given in detail in (Montenbruck & Gill, 2000). 
Summarizing, this is the approach we implemented to estimate a meteoroid’s orbital 
accuracy using the uncertainties of the topocentric radiant and the coordinates of point of the 
meteoroid’s entry into the atmosphere. 
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Application to the recent data obtained by the Finnish Fireball Network 
We applied the orbit determination method described above to selected fireballs recorded 
over recent years by the Finnish Fireball Network (FFN). Currently, the network consists of the 
24 active stations with permanent instrumental setups. The FFN  monitors an area over Finland 
and neighboring regions covering, in total, an area of about 400.000 km
2
 (Gritsevich, et al., 
2014b). A majority of the interesting captured events are reduced over the following days of their 
registration. The atmospheric trajectories corresponding to the visual path of fireballs are 
reproduced on a case-by-case basis using the fb_entry program (Lyytinen & and Gritsevich, 
2013). 
For orbit determination, we have selected the Oijärvi (FN20101226), Mikkeli 
(FN20130913), Annama (FN20140419), and the Haapavesi (FN20140925) fireballs. The 
reconstruction of the trajectory for each of these fireballs was done in great detail and used real 
time atmospheric data for even greater accuracy (Lyytinen & Gritsevich, 2015). 
The Oijärvi fireball was observed by two FFN stations using three cameras. 
Unfortunately, the stations were located relatively close to each other. The trajectory was 
however successfully reconstructed except for the very end of the luminous track. 
The Mikkeli fireball was observed by four FFN stations using five cameras. The resulting 
data are quite reliable, though the initial mass of the meteoroid was relatively small (Lyytinen & 
Gritsevich, 2015).  
The Annama fireball was observed by three FFN stations and led to successful meteorite 
recovery at the end of May 2014 (Gritsevich et al. 2014b; Trigo-Rodriguez, et al., 2015). A 
dashcam video of the Annama fireball made by Alexandr Nesterov from Snezhnogorsk was a 
valuable asset in the trajectory reconstruction. 
The Haapavesi event was a low entry angle fireball lasting for about 21 seconds. It was well 
captured by one FFN camera (Figure 1). This one station observation was in turn, supported by using 
the accurate infrasound timing data from the Swedish Jämtön station and by additional data from six 
Finnish seismic stations. As a result, its entry track was reconstructed with good precision. The input 
and output data and differences with traditional approach for the selected fireballs are summarized in 
the table 1. 
Table 1. Orbits of meteoroids registered by FFN calculated by using zenith attraction approach 
and by our proposed approach. 
Initial data. 
Name (ID)   te φ,° λ, ° he,km Az, deg El, deg Ve, km/s 
Oijärvi Values 2010-12-26 14:06:09.0 64.78 26.91 77.00 156.20 25.80 13.80 
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(FN20101226) RMS 5.00 sec 0.02 0.01 1.00 0.30 0.30 1.00 
Mikkeli 
(FN20130913) 
Values 2013-09-13 22:33:47.0 61.46 26.90 82.10 238.94 55.06 14.98 
RMS 1.00 sec 0.01 0.01 0.50 0.40 0.20 0.10 
Annama 
(FN20140419) 
Values 2014-04-19 22:14:09.3 67.93 30.76 83.90 176.10 34.32 24.21 
RMS 0.50 sec 0.01 0.01 0.50 0.50 0.50 0.50 
Haapavesi 
(FN20140925) 
Values 2014-09-25 3:12:15.0 66.52 25.16 70.95 357.25 11.05 14.78 
RMS 1.00 sec 0.03 0.02 1.00 0.30 0.30 0.30 
Meteoroid orbits computed using proposed method 
Name (ID) Epoch, UTC   a, a.u. e i, ° Ω, ° ω, ° M, ° 
Oijärvi 
(FN20101226) 
2010-12-23 
14:06:09.0 
Orbital elements 2.4582 0.6011 2.8018 94.5264 352.7669 0.6752 
RMS 0.5115 0.0830 0.2184 0.0002 0.2761 0.2940 
Mikkeli  
(FN20130913) 
2013-09-10 
22:33:47.0 
Orbital elements 1.4351 0.3652 12.2118 171.1336 229.6707 335.2453 
RMS 0.0114 0.0053 0.1324 0.0004 0.3035 0.4456 
Annama 
(FN20140419) 
2014-04-14 
22:14:09.3 
Orbital elements 2.0004 0.6817 14.8276 29.5868 264.4220 342.5477 
RMS 0.1069 0.0180 0.5036 0.0005 1.1035 1.6363 
Haapavesi  
(FN20140925) 
2014-09-22 
3:12:15.0 
Orbital elements 2.5301 0.6042 9.2407 181.8271 174.6757 0.3044 
RMS 0.1107 0.0173 0.3510 0.0017 0.3129 0.0632 
Meteoroid orbits computed using traditional method 
Name (ID) Epoch, UTC   a, a.u. e i, ° Ω, ° ω, ° M, ° 
Oijärvi  
(FN20101226) 
2010-12-23 
14:06:09.0 
Orbital elements 2.4630 0.6020 2.7550 94.5150 352.5133 0.7273 
RMS 0.5160 0.0834 1.4265 0.0096 0.9182 0.5695 
Mikkeli  
(FN20130913) 
2013-09-10 
22:33:47.0 
Orbital elements 1.4366 0.3650 12.1240 171.1133 229.3388 335.4228 
RMS 0.0130 0.0058 0.1395 0.0001 0.4006 0.5047 
Annama 
(FN20140419) 
2014-04-14 
22:14:09.3 
Orbital elements 2.0026 0.6819 14.8057 29.5837 264.3719 342.5833 
RMS 0.1104 0.0180 0.6404 0.0005 1.4850 1.6030 
Haapavesi  
(FN20140925) 
2014-09-22 
3:12:15.0 
Orbital elements 2.5251 0.6033 9.2190 181.7975 174.9650 0.2555 
RMS 0.1784 0.0281 0.4981 0.0005 0.3202 0.1161 
Differences between orbits computed using proposed and traditional methods 
Name (ID) Epoch, UTC a, a.u. e i, ° Ω, ° ω, ° M, ° 
Oijärvi 
(FN20101226) 
2010-12-26 14:06:09.0 
-0.0048 -0.0009 0.0468 0.0114 0.2536 -0.0521 
Mikkeli 
(FN20130913) 
2013-09-13 22:33:47.0 
-0.0015 0.0002 0.0878 0.0204 0.3319 -0.1775 
Annama 
(FN20140419) 
2014-04-19 22:14:09.3 
-0.0022 -0.0002 0.0218 0.0031 0.0501 -0.0356 
Haapavesi 
(FN20140925) 
20140925 3:12:15.0 
0.0051 0.0009 0.0217 0.0296 -0.2893 0.0488 
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Figure 1. The Haapavesi (FN20140925) fireball imaged by Pekka Kokko in Muhos station 
belonging to the Finnish Fireball Network. 
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Results and Discussion 
Our method of determining a meteoroid’s orbit, as discussed above, was implemented 
into the software package called “Meteor Toolkit” which runs on a Windows operating system 
(see Appendix 2 for system requirements). The graphical user interface (GUI), of this application 
is shown at the figures in the Appendix 3. 
The software allows the researcher to effectively and accurately process observational 
data in an automated mode. The software can output a meteoroid’s pre-impact orbit, perform an 
analysis of the orbital motion of the meteoroid prior to the impact with the Earth, and possibly 
assist in the identification of the origin or the parent body of the meteoroid. The software also 
makes it possible to estimate a probable location of the meteorite’s fall  site (when applicable) by 
following the numerical integration of the equations of motion (Brown P., et al, 2011) to the 
intersection with the surface of the Earth. 
Table 2 presents selected results derived by using the Meteor Toolkit software (labeled 
“This study” in Table 2). Our results are compared in turn to the orbital calculations for several 
well-studied meteorite falling events that were previously published. It should be noted that the 
authors of each study (Table 2 top most columns 3-8) used their own unique modified 
implementations of the zenith attraction model discussed in the introduction. The results 
obtained using our method compared favorably to the cited orbits. 
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Table 2. Comparison of orbits calculated by the authors using traditional approach with orbits obtained by numerical integration of equations of 
motion in this study. 
 Name 
Buzzard Coulee  
(Milley, 2010) 
Grimsby 
(Brown P., et al, 2011) 
Neuschwanstein 
(Spurny, Oberst, & 
Heinlein, 2003) 
Sutter's Mill 
(Jenniskens P. et al, 2012) 
Chelyabinsk 
(Popova, O.P., Jenniskens, 
P. et al., 2013) 
Košice 
(Borovicka J., et al., 2013) 
Topocentric 
radiant 
Epoch, UT 
2008-11-21 
00:26:43.0±1.0 
2009-09-25 
01:02:58.4±0.3 
2000-04-06 20:20:17.7 
2012-04-22 
14:51:12.8±1.1 
2013-02-15 
03:20:20.8±0.1 
2010-02-28 22:24:47.0 
B, ° 53.169±0.001 43.534±0.001 47.3039±0.0006 38.803± 54.445±0.018 48.467±0.021 
L, ° -10.059±0.001 -80.194±0.001 11.5524±0.0009 -120.908± 64.565±0.030 20.705±0.011 
H, km 63.8±0.7 100.5±0.1 84.950±0.95 90.2±0.4 97.1±1.6 68.3±1.4 
Aapp, ° 347.5±0.4 309.40±0.19 125.000±0.03 92.5±0.4 103.2±0.4 252.6±4.0 
happ, ° 66.7±0.4 55.20±0.13 49.75±0.03 26.3±0.6 18.30±0.4 58.8±2.0 
Vapp, km/s 18.0±0.4 20.910±0.19 20.950±0.04 28.6±0.6 19.160±0.30 15.0±0.3 
Published 
orbit 
A, a.u. 1.25±0.02 2.04±0.05 2.40±0.02 2.59±0.35 1.76±0.16 2.71±0.24 
e 0.23 ± 0.02 0.518±0.011 0.670±0.002 0.824±0.020 0.581±0.018 0.647±0.032 
i, ° 25.0 ± 0.8 28.07±0.28 11.418±0.03 2.38±1.16 4.93±0.48 2.0±0.8 
Ω, ° 238.93739 ± 0.00008 182.9561 16.82664±0.00001 32.774±0.06 326.4422±0.0028 340.072±0.004 
ω, ° 211.3 ± 1.4 159.865±0.43 241.208±0.06 77.8±3.2 108.3±3.8 204.2±1.2 
This study 
Epoch, UT 2008-11-18 00:26:43.0 2009-09-22 01:02:58.40 2000-04-03 20:20:17.7 2012-04-19 14:51:12.8 2013-02-12 03:20:20.8.0 2010-02-25 22:24:47.0 
A, a.u. 1.231±0.024 2.026±0.039 2.397±0.013 2.421±0.196 1.760±0.043 2.725±0.225 
e 0.219±0.014 0.516±0.009 0.669±0.002 0.816±0.017 0.580±0.012 0.649±0.029 
i, °  25.186±0.626 28.088±0.24 11.594±0.025 2.717±0.607 4.991±0.277 2.015±0.903 
Ω, ° 238.94997±0.00031 181.98433±0.00009 16.83654±0.00003 32.77001±0.01461 326.45423±0.00164 340.14579±0.0310 
ω, ° 211.377±1.409 159.070±0.304 241.198±0.06 75.997±0.974 108.200±0.722 204.108±1.575 
M, ° 337.837±1.604 4.782±0.208 348.584±0.107 10.831±1.471 17.855±0.825 355.333±0.734 
Differences 
A, a.u. 0.019 0.014 0.003 0.169 0.000 -0.015 
e 0.011 0.002 0.001 0.008 0.001 -0.002 
i, °  -0.186 -0.018 -0.176 -0.337 -0.061 -0.015 
Ω, ° -0.01258 0.97177 -0.0099 0.00399 -0.01203 -0.07579 
ω, ° -0.077 0.795 0.010 1.803 0.100 0.092 
16 
 
Meteor Toolkit also incorporates routines that analyze the contributions of certain 
perturbations to the resulting meteoroid’s orbit. In Table 2, the effects of perturbations from the non-
central part of Earth’s gravity field to the second degree and order, and the attraction from the Moon 
upon the orbits of several well studied meteoroids are demonstrated. Integration was carried out to 
the upper boundary of Earth’s atmosphere and to an epoch of 4 days prior to the impact. 
In Table 2 we can see that the difference between the traditional, i.e. zenith attraction 
approach, and our method, which is based on the integration of the equations of motion, depends 
on the pre-atmospheric velocity as well as the initial height of a meteor. The effects of 
perturbations on the resulting orbit are generally less than orbital elements uncertainties. The 
exception of this rule is the magnitude of difference on the orbits longitude of ascending node. 
The influences of perturbations are significant in this case, taking into account the height 
accuracy of this parameter. 
The initial height of the Košice fireball was observed to be fairly low at 68.3 km (Borovicka 
J., et al., 2013). At this altitude, the atmospheric drag normally predominates over that of Earth’s 
gravity (Gritsevich M. , 2010). Our estimation of the drag effect caused by interaction of the meteor 
with the Earth’s atmosphere shows it is very significant at this altitude and, in particular, it may stimulate 
meteoroid's break-up in the atmosphere. This conclusion is supported by the large number of Kosice 
meteorite fragments recovered on the ground (Gritsevich et al., 2014a).  
 
Figure 2. Gravitational acceleration in motion of the meteoroid Košice on three-day interval 
before the impact. 
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Figure 3. Acceleration in motion of the meteoroid Košice on 10 seconds before the start of 
visible track. 
The USA 1976 model (Standard Atmosphere, 1976) describes the atmospheric 
parameters at altitudes from sea level up to 86 km. For higher altitudes, the atmosphere model, 
NRLMSISE-00, is used. Consequently, in the case of the Košice meteorite, the magnitude of 
perturbation caused by the atmospheric drag as expressed on the semi-major axis reaches about 
0.0007 AU. When deriving the atmospheric drag we assumed an initial mass of 3500 kg, and 
bulk density of 3.4 g/cm
3
 in accordance with (Kohout et al. 2014). We also supposed a spherical 
shape for the meteoroid. Thus, in case of Košice meteoroid, the values of this effect is much less 
than the influence of the observations uncertainties, consequently it is not necessary to consider 
the atmospheric drag effect acting on the meteoroid during its flight through the upper layers of 
the atmosphere. 
Table 3 contains a series of comparisons of well documented, meteorite dropping, 
fireballs whose orbits were calculated using the zenith attraction approach, with the orbits 
obtained based on our numerical integration of equations of motion that are incorporated into 
Meteor Toolkit. The equations of motion were integrated taking into account various sources of 
perturbing accelerations. The initial data, which were used for orbital calculations, are shown in 
the second row of each meteor’s table. If the difference between the orbital elements calculated 
with and without perturbation is less than 0.0001, then it is shown as zero. Each meteoroid’s 
orbit was calculated at an epoch of 4 days prior to their impact with Earth. Explanations of the 
symbols used in the tables are given in the Appendix 1. 
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Table 3. Comparisons of some published meteor orbits that were calculated by using zenith 
attraction approach with orbits obtained by our Meteor Toolkit. For orbital computations the 
initial data from table 1 were used. Designation “Earth”, “J2”, “Moon”, “Atm.” are notations for 
the perturbations from Earth as point mass, Earth’s flattening, Moon as point mass, and 
atmospheric drag, respectively. 
Orbit a, a.u. e i, ° Ω, ° ω, ° M, ° 
Košice 
1. Traditional method 2.7101 0.6468 1.9399 340.1189 203.8906 355.3313 
2. Earth  2.7253 0.6490 2.0177 340.1454 204.0886 355.3370 
3. Earth + J2 + Moon 2.7248 0.6489 2.0154 340.1458 204.1077 355.3325 
4. Earth + J2 + Moon + Atm.  2.7255 0.6490 2.0158 340.1458 204.1078 355.3442 
1.-2. -0.0152 -0.0022 -0.0778 -0.0264 -0.1981 -0.0057 
2.-3. 0.0005 0.0001 0.0023 -0.0004 -0.0191 0.0045 
3.-4. -0.0007 -0.0001 -0.0004 0.0000 -0.0010 -0.0017 
Standard deviation 0.225 0.029 0.903 0.0310 1.575 0.734 
Chelyabinsk 
1. Traditional  method 1.7605 0.5811 5.0670 326.4416 108.0740 17.8612 
2. Earth  1.7598 0.5803 4.9900 326.4541 108.2039 17.8575 
3. Earth + J2 + Moon 1.7599 0.5804 4.9912 326.4542 108.2004 17.8552 
1.-2. 0.0007 0.0008 0.0770 -0.0126 -0.1298 0.0037 
2.-3. -0.0001 -0.0001 -0.0012 -0.0001 0.0034 0.0023 
Standard deviation 0.043 0.012 0.277 0.00164 0.722 0.825 
Sutters Mill 
1. Traditional  method 2.4197 0.8165 2.7546 32.7650 75.9274 10.8356 
2. Earth  2.4200 0.8163 2.7194 32.7699 75.9912 10.8355 
3. Earth + J2 + Moon 2.4206 0.8163 2.7170 32.7700 75.9975 10.8315 
1.-2. -0.0003 0.0002 0.0352 -0.0049 -0.0638 0.0001 
2.-3. -0.0006 0.0000 0.0024 -0.0001 -0.0063 0.0040 
Standard deviation 0.196 0.017 0.607 0.0146 0.974 1.471 
Buzzard Coulee 
1. Traditional  method 1.2298 0.2174 25.1797 238.9419 211.1418 337.9422 
2. Earth  1.2307 0.2184 25.1840 238.9499 211.3987 337.8158 
3. Earth + J2 + Moon 1.2310 0.2186 25.1862 238.9500 211.3767 337.8372 
1.-2. -0.0010 -0.0010 -0.0043 -0.0081 -0.2569 0.1264 
2.-3. -0.0002 -0.0001 -0.0022 0.0000 0.0220 -0.0214 
Standard deviation 0.024 0.014 0.626 0.0003 1.409 1.604 
 For the investigation of differences between the traditional and the proposed methods, 
and for the clarification of the influences of additional perturbing forces we provide simulations 
for various apparent velocities and altitudes of entry.. In these simulations, we varied the value 
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of apparent velocity in diapason from 12 km/s to a maximum value corresponding to the 
elliptical motion. For all these simulated meteoroids the same altitude of entry point at 70 km 
was used. In addition, these meteors have different values of elevations. Initial conditions for 
modelling presented in table 4. 
Table 4. Initial conditions for numerical simulation. 
The results of numerical simulations (presented in appendix 4) illustrate the differences between 
the traditional and the proposed approach. Additionally, the estimated influences of the 
perturbing forces on the orbital elements are presented in appendix 5. For a comparison of 
between the two methods, a model of the Earth as a point mass was used. To estimate the 
influences of additional perturbing forces, we took into account Earth’s flattening and the 
Moon’s gravitational attraction.  
 We then interpreted the differences seen in the results of the two methods and the two 
perturbation sets as well, to get an estimate of the accuracy of each method and each force 
model.  
 As we can see in appendix 4, when examining the semi-major axis the greatest 
difference between the two methods are recorded in the high velocity cases The differences are 
much less significant for low velocity particles. The largest values of differences are 0.08 a.u. 
and 0.10 a.u. for model particle #1 and #4, respectively. The influences from the perturbing 
follow a similar behavior, but the value of its impact is much less: for particles #3 and #2, their 
values are 0.035 a.u. and 0.020 a.u., respectively.  
 For the eccentricity, and other orbital elements we can see a directly opposite trend: the 
greatest differences corresponds to the low velocity cases: 0.012 for particle #1 and 0.005 for 
particles #2 and #4. A similar behavior takes place on the orbit’s eccentricity caused by the 
perturbations of the Moon and by Earth flattening. The values increase to 0.0008 and 0.0006 for 
particles #4 and #3.  
 In the case of orbit inclination, the differences between the two methods and the two 
sets of perturbations also demonstrate a similar behavior: the values increased for low-velocity 
meteoroids. In the simulations of the two different methods, this effect achieves a value of about 
0.27 degrees for particle #2. For the simulations observing the two sets of perturbations, the most 
# t0 φ, ° λ, ° he , km Az, deg El, deg Ve, km/s 
1 2010-02-28 22:24:47.0 48.467 20.705 70.0 252.66 60.20 12…18 
2 2013-09-13 22:33:47.0 61.458 26.900 70.0 238.94 55.06 12…16.5 
3 2010-12-26 14:06:09.0 64.780 26.910 70.0 156.20 25.80 12…31 
4 2014-09-25 03:12:15.0 66.520 25.160 70.0 357.25 11.05 12…19 
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significant difference occurs in the case of test particle #4 where the value reached 0.020 
degrees.  
 For longitude of ascending node the two methods, have a difference of more than 0.4 
degrees while the two sets of perturbation have a difference of - 0.015 degrees. These values are 
much higher than the initial values accuracy by which this parameter can be obtained. For the 
argument of periapsis the differences between two methods exceed 3 and 1.25 degrees for 
particle #1 and for particles #2 and #4, respectively. The differences between the two sets of 
perturbation in this case reach 0.05 and 0.03 degrees for particle #1 and for particles #2. 
 Therefore, taking into account high precision of calculation of longitude of ascending 
node Ω, the numerical integration of equation of motion is recommended in place of those suing 
the introduction of corrections for zenith attraction. The inclusion of additional perturbing forces 
to the analysis is recommended for cases involving low velocity meteoroids. 
Conclusions 
We have implemented a technique to determine a meteor's orbit that is based on the 
numerical integration of differential equations of motion. The technique also takes into account the 
perturbations due to Earth's gravitational field (both the spherical part and the non-central part of the 
geopotential), perturbations from the atmospheric drag, perturbations from the Moon, and from other 
planets of the solar system. The obtained results show good correspondence with various 
implementations of the traditional technique, which are based on zenith attraction factors. 
The analysis of the contributions of various sources of perturbation on the resulting 
meteoroid orbit shows that the orbits obtained by our method, are generally consistent with the 
results obtained by the traditional zenith attraction approach. The differences between the results 
obtained by the two methods increase with a decrease in pre-atmospheric velocity value and/or 
the lowering of the initial height of a meteor. 
Based on our investigations, the attraction of the Moon and the effect of Earth flattening 
are seen as the main factors perturbing a meteoroid's orbit, second only to that of the Earth as a 
point mass. These perturbations are generally expressed in the orbital elements of the argument 
of the periapsis and the mean anomaly of the meteoroid (see Table 3). 
Our methods are incorporated in software called Meteor Toolkit which can be used to 
integrate the equations of motion back in time, preceding an impact, as well as forward in time to 
the moment of impact with the Earth’s surface. It can be used both for meteoroids and near Earth 
asteroids. Meteor Toolkit is freely available from the authors upon request. 
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Appendix 1. Explanation of the symbols used in Table 1 and 3. 
Topocentric radiant: 
B   = the geodetic latitude of the initial point of the fireball  
L   = the geodetic longitude of the initial point of the fireball  
A   = the apparent azimuth of the fireball track at its initial point (from the north) 
El   = the apparent elevation of a fireball's track at its initial point  
V   = the apparent geocentric velocity of the fireball at its initial point  
 
Orbital elements: 
a   = the semimajor axis 
e   = the eccentricity 
i   = the inclination 
Ω   = the longitude of the ascending node 
ω   = the argument of periapsis 
M      = the mean anomaly at epoch 
 
 
 
 
 
 
Appendix 2.  Minimum Windows System Requirements for Meteor Toolkit. 
Meteor Toolkit is an executable file along with some additional dependent libraries. Also note, 
although Meteor Toolkit uses SPICE libraries and subroutines, they do not need to be compiled 
as they are assembled into a portable dll. 
The minimum system requirements are: 
Operating system 
Windows (XP, Vista, 7, 8) x86 and x64 
architecture. .NET Framework not lower 
than 3.5. 
CPU 0.8GHz (Windows XP) 
Memory 512 MB RAM (Windows XP) 
Hard drive 30 MB free space on disk 
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Appendix 3. “Meteor Toolkit”: GUI of Meteor Toolkit, software for determining a meteor's 
orbit. 
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Appendix4. Differences between orbits of simulated meteoroids calculated using traditional 
approach and proposed technique. Initial data are presented in appendix 4. Perturbations from 
attraction due Earth’s flattening and Moon was taking into account.  
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Appendix 5. Differences between orbits of simulated meteoroids calculated with proposed 
technique by using Earth attraction as point mass and by using perturbation from Earth’s 
flattening and Moon as well. 
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